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Representation theory is shown to be incomplete in terms
of enumerating all integrable limits of quantum systems. As
a consequence, one can find exactly solvable Hamiltonians
which have apparently strongly broken symmetry. The num-
ber of these hidden symmetries depends upon the realization
of the Hamiltonian.
PACS numbers: 05.45.+b, 02.20.-a, 21.60.Fw, 03.65.-w
When regular regions are discovered in the parame-
ter space of a system, where the parameter might be an
external field applied to the Hydrogen atom, it usually
indicates the existence of new (approximate) integrals of
motion, and consequently quantum numbers [1]. In stud-
ies of many–body systems, the large number of degrees of
freedom generally precludes one from using methods in-
troduced in simpler one and two dimensional problems.
However, one often starts with a group theoretical for-
malism, and while classical analyses stop being practical,
group theory can readily identify exactly solvable limits
of such systems, and correspondingly, quantum numbers.
These exactly solvable limits are referred to as dynamical
symmetries since they arise from the nature of the inter-
actions. It has long been assumed that there is a precise
relation between the exactly solvable limits or integra-
bility of Hamiltonians based on some Lie algebra G [2],
and the dynamical symmetries obtained from representa-
tion theory [3]. Indeed there is now a large literature on
studies relating classical chaos to breaking of dynamical
symmetries, its consequences in random matrix theory,
as well as relations to exactly solvable systems [4]. It is
interesting to consider now, whether group theory as it
stands actually identifies all integrable limits, or whether
there are hidden symmetries lingering in the parameter
space of interactions.
A common starting point of group theoretical analy-
ses is the identification of a dynamical algebra G for a
given quantum system. There is such an algebra when
a Hamiltonian H can be expressed in terms of the gen-
erators of G. (For this study, we will focus on models
based on real forms of simple and semi-simple classical
Lie algebras, denoted by G.) The next step is to use the
techniques of representation theory to identify all subal-
gebra embeddings, or group chains, consistent with the
problem at hand. If there are n such group chains, one
arrives at a decomposition of the form:
G ⊃
G11 ⊃ G12 ⊃ · · ·
...
Gn1 ⊃ Gn2 ⊃ · · ·
. (1)
Associated with each of the algebras are Casimir invari-
ants C(Gkl). All the invariants along a particular group
chain (row) are in involution, and these form (together
with invariants associated with missing labels) a com-
plete set of constants of the motion. When the Hamilto-
nian can be expressed in terms of the invariants along a
single chain, then the system is said to have a dynamical
symmetry, and the problem is exactly solvable. Gener-
ally, it is found that the linear and quadratic Casimir
invariants from all the limits in (1) provide a complete
basis for a Hamiltonian written in terms of one and two
body interactions. These arguments, and the studies up
to now, have hinged on the belief that the group chains
obtained from representation theory uniquely enumerate
all exactly solvable forms of the Hamiltonian. We will
see that a revision of this assertion is necessary.
Each of the dynamical symmetry limits characterized
in Eq. (1) can be obtained from Dynkin’s theory of the
embedding of subalgebras [5]. However, they are only
defined up to inner automorphisms. That is to say, each
embedded subalgebra is only a representative element of
an equivalence class of subalgebras, each with the same
set of induced quantum numbers. We will show here
that while representation theory does provide all of the
embeddings, it does not provide all the dynamical sym-
metries. The inner automorphisms, which are neglected,
can provide ‘hidden’ symmetries. One can have Hamil-
tonians which are linear combinations of invariants from
several or even all of the different group chains in (1),
which nevertheless is still exactly solvable. In this sense,
representation theory is incomplete in terms of defining
all dynamical symmetries of a system. Specific examples
will be shown for Hamiltonians which would be argued
to be non-integrable, but which in fact are exactly solv-
able (or equivalently, integrable). In general, the number
of dynamical symmetries can be richer than previously
thought.
Consider a Hamiltonian H which can be written in
terms of generators of a Lie algebra G. We consider
first the automorphisms of the algebra G. These are
one-to-one mappings T of the generators onto them-
selves, which naturally preserves the commutation rela-
tions: T : G → G. There are many well known auto-
morphisms, such as the elements of the Weyl group W ,
1
which generate rotations in the root space of the alge-
bra, or the complex conjugation operation, which trans-
forms generators Xk to −X∗k , generating the contragre-
dient representations. Non-trivial automorphisms can be
readily identified from the symmetries of the Dynkin dia-
grams [5]. Of the various automorphisms, only a certain
class of seemingly irrelevant ones are important here.
Let g be the Lie group associated with the Lie algebra
G of a Hamiltonian H . There are two classes of automor-
phisms of G: inner and outer. The inner automorphisms
are transformations of the elements of G generated by a
fixed member g of the group g. They are of the form:
X → gXg−1, all X ∈ G, (2)
where g ∈ g is held fixed and all generators X are trans-
formed. Outer automorphisms are by definition all auto-
morphisms not of this type. Consequently, embeddings
of subalgebras G′ ⊂ G fall into two categories: those
considered equivalent (or conjugate) and those consid-
ered inequivalent (or non-conjugate). Two embeddings
of G′ ⊂ G are said to be conjugate if they are related to
each other through an inner automorphism of G. Other-
wise the embeddings are non-conjugate, and are related
by outer automorphisms of G. Non-conjugate embed-
dings are important because the embeddings are distinct
(and consequently the quantum numbers associated with
the subalgebra as well), and they are (essentially) all
identified from Dynkin’s theory for the classification of
subalgebras [5]. What is not classified are the inner au-
tomorphisms. The equivalence class of conjugate embed-
dings are generally neglected, since there are an infinite
number of these and any member of this class provides
an equivalent result from the point of view of represen-
tation theory: the embeddings generated are isomorphic,
and the induced representations are identical. Interest-
ingly, this is not the case when one considers dynamical
symmetries of the Hamiltonian.
To understand the origins of these conjugate embed-
dings, it is convenient (and still completely general) to
consider bosonic or fermionic realizations of G. We will
use bosons, although all our results hold equally well
for fermions. Denoting the boson creation and annihi-
lation operators as b†ℓµ, bℓµ, the generators of a Lie al-
gebra can be expressed in terms of bilinears b†ℓ,µbℓ′,µ′ .
The boson carries angular momentum ℓ and projection µ,
where µ = −ℓ, ..., ℓ, which allows for the construction of
scalar, Hermitian Hamiltonians. (This implicitly requires
the explicit construction of the O(3) algebra, which then
appears in all the chains in Eq. (1).) The inner auto-
morphisms we explore are generated by gauge rotations
of one type of boson with respect to the others. In or-
der to preserve their spherical tensor character, one must
transform all components of the boson simultaneously:
bℓ,µ → eiφℓbℓ,µ. However, each type of boson can be sep-
arately transformed. In the phase space representation
of the boson operators,bℓ,µ = (qℓ,µ + ipℓ,µ)/
√
2, this can
be viewed as inducing certain canonical transformations.
The effect of some of these transformations will be to gen-
erate new families of exactly solvable Hamiltonians. This
type of automorphism will not effect the R–subalgebras
(in the language of Dynkin [5]) such as U(n) ⊃ U(n− 1),
O(n) ⊃ O(n − 1) and Sp(2n) ⊃ Sp(2(n − 1)), but can
appear only for the S-subalgebras G′ ⊂ G , such as
U(n) ⊃ O(n), and so forth. The main distinction is that
S-subalgebra embeddings are formed from linear com-
binations of generators of G where as R-subalgebras are
not. Another way to view the conjugate embeddings is in
the Cartan-Weyl basis {hi, eα}. For a given root β, if we
perform the trivial rescaling eβ → µeβ , e−β → µ−1e−β,
with |µ| = 1, then the commutation relations of G are pre-
served, including those of the embedded subalgebra G′.
(This acts as the identity operation in the Weyl group.)
However, this inner automorphism is precisely the gauge
rotation discussed above. The effect is to take genera-
tors of a subalgebra which are linear combinations of the
generators of G, and alter their form, by changing the rel-
ative phases. It is for this reason that only S-subalgebras
are effected. As a consequence the new generators of G′
do not commute with the old ones. Because we often
have additional physical requirements on the Hamilto-
nian, not all of these automorphisms are allowed (e.g.
the O(3) generators must remain invariant, since physical
angular momentum should not be changed). Thus nec-
essary (albeit not sufficient) conditions for the existence
of conjugate subalgebras which results in new dynamical
symmetry limits are (i) G must be generated by at least
two types of bosons (or fermions) and (ii) G′ must be an
S–subalgebra.
To exemplify this, consider two models. The first is
the Vibron model [3], which is based on G = U(4) and
describes collective excitations in molecules. The ba-
sic ingredients are the scalar, σ† (ℓπ = 0+), and vector
π†µ(ℓ
π = 1−, µ = 0,±1) boson creation operators, and the
corresponding annihilation operators σ, π˜µ = (−)µπ−µ.
The generators are created in the usual way from all bi-
linears σ†σ, σ†π˜µ, π
†
µσ, π
†
µπ˜ν . Under the constraint that
physical dynamical symmetries contain the angular mo-
mentum algebra O(3), representation theory gives two
dynamical symmetries [3]:
U(4) ⊃
U(3)
O(4)
⊃ O(3) ⊃ O(2), (3)
which correspond to non-rigid (U(3)) and rovibrator
(O(4)) molecules. The U(3) R–subalgebra is generated
only by π bosons, and hence does not contain any rele-
vant inner automorphisms. The O(4) S–subalgebra sat-
isfies our criteria and indeed there are two conjugate
embeddings of U(4) ⊃ O(4), related by the transfor-
mation πµ → −iπµ, σ → σ. Define Lµ =
√
2[π†π˜]
(1)
µ
2
Dµ = [π
†σ + σ†π˜]
(1)
µ , and D′µ = i[π
†σ − σ†π˜](1)µ , where
µ = ±1, 0 (the square brackets represent the usual angu-
lar momentum coupling of spherical tensors). Then the
two conjugate embeddings, denoted O(4) and O(4), are
obtained by the six generators {Lµ, Dυ} and {Lµ, D′υ}
[6]. Both contain the same O(3) subalgebra as the U(3)
chain, generated by Lµ. Their respective Cartan sub-
algebras are generated by L0, D0 and L0, D
′
0. Since
[D0, D
′
0] 6= 0, the two algebras are not related by Weyl re-
flections. However, they are related by a similarity trans-
formation in U(4) (but not in O(4)) of the form (2). The
full classification (3) from the dynamical symmetry point
of view should include (iii) U(4) ⊃ O(4) ⊃ O(3) ⊃ O(2).
As another illustration, consider the Interacting Bo-
son Model (IBM) [3] , which describes collective ex-
citations in nuclei. The basic ingredients are s† and
d†µ (µ = ±2,±1, 0) bosons, which represent nucleons
paired to L = 0 similar to a cooper pair, and to
L = 2 describing two-nucleon (or hole) excitations, re-
spectively. The dynamical group is U(6) which is built
from the 36 bilinears s†s, s†dµ, d
†
µs, d
†
µdν , and represen-
tation theory provides three well known dynamical sym-
metries: (i) U(6) ⊃ O(6) ⊃ O(5) ⊃ O(3) ⊃ O(2),
(ii) U(6) ⊃ U(5) ⊃ O(5) ⊃ O(3) ⊃ O(2), and (iii)
U(6) ⊃ SU(3) ⊃ O(3) ⊃ O(2). The most general ex-
pansion of the Hamiltonian into one- and two-body in-
teractions, which is Hermitian, time-reversal invariant
and scalar, can be expanded into six terms consisting
of the linear and quadratic Casimir operators from all
three limits [3]. Using our requirements, we find that
there are two conjugate embeddings, denotes O(6) and
SU(3). While the generators of these limits have been ex-
plored in the past [7,3], new dynamical symmetries were
not associated with them. Consider first O(6), which is
generated by the 15 operators {Lµ, Uµ, Qµ}, where Lµ =√
10[d†d˜]
(1)
µ is the angular momentum, Uµ = [d
†d˜]
(3)
µ and
Qµ = [s
†d˜µ + d
†
µs]. The conjugate O(6), denoted O(6),
is generated by {Lµ, Uµ, Qµ}, where the difference is in
the 5 generators Qµ = i[s
†d˜µ − d†µs]. As with O(4) and
O(4), the invariants of the two conjugate O(6) algebras
do not commute, nor do their Cartan subalgebras.
Unlike U(4), the algebra of U(6) admits another con-
jugate subalgebra. This is the U(6) ⊃ SU(3) embed-
ding. SU(3) can be generated by the quadrupole oper-
ator Q±µ = [s
†d˜µ + d
†
µs] ± (
√
7/2)[d†d˜]
(2)
µ and the angu-
lar momentum Lµ, using either {Q−µ , Lν} or {Q+µ , Lν}
[3]. The Cartan generators of these SU(3) algebras
are {L0, Q−0 } or {L0, Q+0 }, which do not commute but
are related through an inner automorphism. Physi-
cally this inner automorphism transforms the Hamilto-
nian of a prolate nucleus into one for an oblate nu-
cleus, or equivalently, it can be related to particle-hole
conjugation. Thus the complete dynamical symmetry
classification of the U(6) model includes the two addi-
tional ones (iv) U(6) ⊃ SU(3) ⊃ O(3) ⊃ O(2) and (v)
U(6) ⊃ O(6) ⊃ O(5) ⊃ O(3) ⊃ O(2).
Consider now the consequences of these conjugate sub-
algebras. A conjugate dynamical symmetry Hamiltonian,
written in terms of the invariants {C} of a conjugate sub-
algebra group chain, can be re–expressed as an expansion
into some or all of the invariants {C} predicted from rep-
resentation theory, Eq. (1):
H = f({C}) =
∑
ijk
αijkgi(C(Gjk)). (4)
The right side of (4) is a general expansion into the
Casimir invariants of various (or all) group chains in
(1). The left hand side is an exact dynamical symme-
try. Again, this type of mapping is not necessarily out-
side the range of physical interest. In the examples dis-
cussed above, we can now realize additional dynamical
symmetries. If we defined the O(4) Hamiltonian in terms
of the quadratic invariants (denoted C2) of that chain,
H(O4) = αC2[O(4)] + βC2[O(3)], we have:
H(O4) = −αC2[O(4)] + 4α(N − 1)C1[U(3)] (5)
−4αC2[U(3)] + (2α+ β)C2[O(3)] + 6αN.
This relation (and (6),(7) below) can be obtained by
expanding H into the generators of G and then re-
expressing them in the Casimir invariants of the other
limits. Here C1[U(3)] = nˆπ = π
† · π˜ and C2[U(3)] =
nˆ2π are the linear and quadratic Casimir operators for
U(3), and C2[O(3)] = Lˆ
2 is the quadratic Casimir of
O(3). While this strongly mixes the two group chains
given from representation theory in (3), the inner auto-
morphism allows for this new parametric family of ex-
actly solvable Hamiltonians, in this case with an O(4)
spectrum. In fact it has the same spectrum as H =
αC2[O(4)] + βC2[O(3)]. A consequence is that one can
view the equivalence of these two Hamiltonians as a pa-
rameter symmetry in the space in one- and two-body
interactions. This conjugate O(4) Casimir have been re-
cently examined, including such a parameter transforma-
tion [8].
In the IBM, we can take the general forms of the O(6)
and SU(3) dynamical symmetry Hamiltonians, which we
write as H(O(6)) = αP
′†P
′
+ βU · U + γL · L and
H(SU(3)) = αQ+ · Q+ + βL · L, and obtain the two
families of exactly solvable Hamiltonians:
H(O(6)) = −αP †P + (β − 4α)U · U (6)
+(γ − 2
5
α)L · L+ 4α(2−N)n̂d
+4αn̂2d + 2N(N − 1).
H(SU(3)) = 5αn̂d + αn̂
2
d − αQ− ·Q− − 2αP †P (7)
−6αU · U + (β − 7
20
α)L · L
+2N(N + 4)
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(In the O(6) limits, C2[O(6)] is related to the pairing op-
erator P [3]. In the usual O(6) limit, P = ss− d˜ · d˜, while
in O(6) it is P ′ = ss + d˜ · d˜.) Eq. (6) involves Casimir
operators from both the O(6) and U(5) limits, and is
known to be classically integrable, due to the common
O(5) subalgebra [2]. But our statement here is stronger
than that. We see here that this particular combina-
tion of operators is not only integrable, but is an O(6)
dynamical symmetry. Eq. (7) would have been termed
non-integrable, because it appears to be a case of strongly
broken SU(3), as it includes Casimir invariants from all
three distinct dynamical symmetries of the IBM. How-
ever, it is clearly exactly solvable, and is diagonal in an
SU(3) basis.
In terms of the gauge rotations of the bosons, for the
conjugate SU(3) algebras, φ2 = 0, π (π/2, 3π/2 are not
allowed by time-reversal invariance), while for the O(6)
(O(4)) algebra, φ2(φ1) = 0, 3π/2 (π, π/2 being equiv-
alent). Other values of φ are not allowed due to the
constraints that the Hamiltonians are time-reversal in-
variant. Generally, the number of conjugate embeddings
depends upon the system of interest. For example, in
the IBM, the SU(3) ⊃ O(3) embeddings is unique due
to the constraint that the Hamiltonian is scalar. How-
ever, in the molecular SU(3) model of Ref. [9] for planar
rotations and vibrations, there are two O(3) embeddings
according to our criteria. In other models, such as the
proton-neutron IBM, there are even more examples since
one can perform independent rotations of neutron and
proton boson operators, resulting in many additional dy-
namical symmetries, or in the study of octupole deformed
nuclei where one can transform s, p, d and f bosons [10].
Similarly, this will also be possible in the extensions of
the vibron model to polyatomic molecules, which is based
in U(4)⊗ · · ·⊗U(4) [11]. In studies of chaos in triatomic
molecules using U(4)⊗ U(4), it is the conjugate embed-
ding of U(4) which explains the recently observed regu-
larity in the parameter space [11].
We have shown that the number of group chains pro-
vided by representation theory does not necessarily cor-
respond to the number of dynamical symmetries of a
system. We have further seen that (apparent) break-
ing of dynamical symmetries does not guarantee non-
integrability. These hidden symmetries generate new
families of dynamical symmetry Hamiltonians which con-
tain generators from some or all of the different group
chains in Eq. (1). They can also have different physi-
cal properties, as in the case of SU(3) and SU(3) in the
IBM. The former corresponds to the spectra of oblate
deformed nuclei, with negative quadrupole moment; the
latter to prolate nuclei with positive quadrupole moment
- these are not only physically distinct, but both cases
are needed for a complete physical picture. In the studies
of chaos and quantum-nonintegrability, one must clearly
consider conjugate embeddings which will generally sup-
press chaos in regions in the parameter space which would
have previously been expected to be chaotic. In general
there are an infinite number of inner automorphisms -
however only a finite number may be consistent with
physics (in the above examples, these are scalar, Her-
mitian Hamiltonians with time reversal invariance). In
nuclei, it is evident that strongly deformed or γ−soft nu-
clei are not limited to Hamiltonians in one of the group
chains. In principle, all conjugate embeddings can be
enumerated. It would be interesting to see whether one
can develop within representation theory, a general pre-
scription to classify the non-trivial inner automorphisms,
and to explore supersymmetric automorphisms which re-
late fermions to bosons.
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